





Compass bearings start at zero (North) and increase in a clockwise
(CW) manner so that East is 090, South is at 180 degrees, West is
270, and then we end up back where we started at 360 or zero which

is North.

North, West, East and South are so important that they are called

cardinal directions!

The animation on the
left shows how to de-
scribe bearings (direc-
tions) relative to the
major directions (north,
south, east, and west).

In older days, the names
of the directions were
more important than the
numbers, but they still
needed to be able to ref-
erence their directions
in the same way.

Compass bearings begin at north (zero)

and circle clockwise (CW).

Directions relative to the nearest
cardinal point of the compass.

Polar Coordinates

Polar coordinates give direc-
tions using a distance and an
angle. The first coordinate is
the distance from the origin.
The second is the angle mea-
sured from the positive x-axis.

The circle has 360 degrees
just like a compass circle, but
it starts at a different location
(to the right on this animation)
and increases in the counter-
clockwise (CCW) direction so
that straight up is 90 degrees,
to the left is 180 degrees, and
down is 270 degrees.

The Compass Rose
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Maps and nautical charts (above) usually
have a compass rose on the chart. The rose
is a circle that shows all of the directions
around the circle. In the old days, the direc-
tions had names and sailors were required to
know 32 of them (known as the 32 points of
the compass).

The compass below is more like what you
would see on an old map or chart. It actually
looks like a rose (kind of, just paint the arms
pink and red).

The direction you are aiming is described by
referring to the surrounding directions. This
idea is still used with the 360 degree circle
based compass rose.



Which Way You Heading
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Directions can also be given relative to your
“heading.” Your heading is the direction you
are facing.

If you are headed north (blue arrow), the
brown arrow is 90 degrees to your left or
270 degrees to your right.

If you are headed west (brown arrow), the
blue arrow is 90 degrees to your right or 270
degrees to your left.

Cartesian (X-Y) Coordinates

We will sometimes measure angles while using the cartesian coor-
dinate system. When we do, the angles are usually measured from
the positive X axis and increase in the counter clockwise (CCW)
direction. We also can measure negative angles from the X axis by
going in the clockwise (CW) direction.

OK, so we’ve learned a few of ways to describe two dimensional di-
rections. There happen to be LOTS MORE, but we’ll make do with
these. Let’s move on!

Addition and Subtraction
of Vectors - Graphical Method

Graphical (Geometric) Addition of Vectors

There are two basic ways to add vectors. The first way is a graphical
method (also called a geometric method in some textbooks).

The idea is simple, you just have to line up the vectors from the head
(point) of one to the tail (end) of the next one. Just keep placing one
after another in head to tail fashion.

Then draw the resultant!

The resultant is the resulting vector. It is the one single vector that
could be used to replace the multiple vectors you added together.

In the first sidebar animation on the right, the resultant of A+ B + C
is the green vector.

The resultant starts in the same place and ends in the same place as
the vectors that you added, but it is only ONE vector, it is the result
of all the others.



A good example of a resultant is net force. Remember that the net
force is not one of the forces on your free body diagrams, it is the
sum of the forces on the free body diagram. Net force is the result
of the real forces on your free body diagrams.

Watch the sidebar animations to understand that the resultant vector
is the same regardless of the order in which you add the vectors. The
order doesn’t matter when you add vectors.

Notice that I move the vectors in the animations to perform the ad-
dition. You can move them in order to perform the addition as long
as they stay the same length and point in the same direction. Moving
them like this is what allows you to add them graphically. It doesn’t
mean that you have changed the location of the vector in the real
physical world!

The order doesn t matter when you add vectors.

Graphical Subtraction of Vectors
Addition of the Opposite

Vector subtraction is taught 2 ways. The easiest way is to use
the fact that subtraction is just addition of the negative! In
other words, since 3 - 2 is the same thing as 3 + (-2) we can
use that process to subtract vectors.

All you have to remember is that the negative is going 180
degrees in the opposite direction (our old one dimensional
vectors had positive and negative directions, for a single vec-
tor, it is the same idea, just turn the vector around to find the
negative). To subtract vectors, you add the negative of the
one being subtracted.

Graphical Subtraction of Vectors
Final Minus Initial

You will do just fine using the method above to subtract vec-
tors. However, there is another way, and for some of you, it
will be more intuitive.

Subtraction is the difference between two values. In physics,
that difference is the final value minus the initial value.

On a number line, to subtract (5 - 3) you start at the final
position (5) and subtract the initial number (3) to get 2. If you

Graphical Addition of 3 Vectors

Vector Subtraction
Addition of the Opposite

Vector Subtraction
Final minus Initial

Parallelogram Addition of Vectors



2D Directions reverse their order, you get negative 2.

What direction is the kolea flying relative to
east?

What direction is the kolea flying relative to
north?

What direction does the kolea have to turn to
fly due west? (The smallest turn.)

If the kolea is flying course 227 and sees a
mina bird cross its path flying due east, does
the mina bird pass by on the left or the right?

From the above question, after the mina bird
crosses its path, which way does the kolea
need to turn to follow it (smallest angle).

The kolea is now flying due east and switches

over to a polar coordinate system where north
is 90 degrees. What direction is the kolea fly-

ing now in this new coordinate system?

Using the polar coordinate system, the kolea
turns to its right 220 degrees. What direction
is it flying now?

Now the kolea needs to tell its friend (a cardi-
nal) which way it is going relative to the clos-
est cardinal direction. Well, which way is it?

The cardinal responds to the kolea and says to
turn right 47 degrees to meet it. Which direc-
tion is that in true compass bearings? Which
direction is it in polar coordinates?

To subtract vectors this way, you draw them from the same
origin in 2 dimensions (that means their tails are touching).
Just like 5 and 3 in the example above had the same origin
(0) in a one dimensional world, the vectors in two dimensions
must have the same origin to use this method.

Finally, the resultant vector has it’s head at the final posi-
tion and it’s tail at the initial position. Subtracting with this
method is simply the final vector minus the initial vector. So
you draw a vector from the initial to the final and that is the
answer.

This last method works well when you are only dealing with
2 vectors. If you have more than that it can get confusing.

Parallelogram Addition of Vectors

FYT here . . . There are some books that talk about vector
addition using the “parallelogram” method as if it was some-
thing different from what we’ve already done. It’s not. Here
it is anyway, just so you can see that the “parallelogram”
method is nothing more than adding the vectors twice to
prove to yourself that the order doesn’t matter.

Addition and Subtraction of
Vectors using Components

There is another way to add vectors. The graphical method
is intended to give you a connection to the geometry of the
problem. In actual practice, you will almost always use the
component method.

A component is what you get when you break a vector up into
two or more other vectors.

And that means that the component vectors can produce the
original vector. The original vector is the resultant of the
component vectors.

Since the components have the same combined effect, you
can use component vectors instead of the original vector to
make the work easier.

The sidebar “Breaking Vectors into Components” shows you
the relationship between the cartesian coordinate system and
vector components. It leaves some things for you to think



about. Study it to see what you can learn from the animation
before going on.

And then . ..

Study this flash animation - click on this link.

The animation show you what components are and gives you
an idea of how we will use them. Pairs of 2-dimensional vec-
tors were added together using their x and y components to

get the resultant.

What the animations did not show, is how to find compo-

nents, and how to convert the final answer back to a direction.

To do that, we’ll need to use our trigonometry skills.

Let’s be clear about this. You have to know basic right tri-
angle trigonometry in order to deal with vector components.

Now, that is not as hard as it sounds. Trigonometry should be
called “games with triangles” because that’s all you’re doing.

If you have forgotten some of your trigonometry, not to
worry. Study this animation (LINK) to review the concepts
you will need to find vector components.

Caution! Make sure you know what “mode” your calculator
needs to be in for all calculations for the rest of the year. It
should be in “degrees mode” for this unit.

Projectiles

A projectile is an object that accelerates due to one and only
one force - gravity. It behaves just like a free fall object in
that regard. In fact, if you look at it from the right angle, you
would think it is a free fall object.

A projectile could be anything whose movement in 2 di-
mensions near the surface of earth is subject to a constant
gravitational force and possibly friction. That is just about
everything that is thrown, shot, or falls through the air in our
world.

Projectile motion is just two dimensional kinematics, but it
makes up the largest part of two dimensional kinematics in
virtually all physics courses. It is the type of problem we
encounter everyday, several times a day You need to be good
at working these problems, so we have lots and lots of them

Breaking Vectors into Components
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Basic Trigonometry Lecture

Vector Components

What is the initial horizontal velocity of the
baseball?

What is the initial vertical velocity of the
baseball?

The baseball lands with a vertical speed of 24
m/s and a horizontal speed of 12 m/s. What
is the impact angle? (The angle below the
horizontal.)

What are the East-West components and the
sum of both displacements?

What are the North-South components and
the sum of both displacements?

Where does the hiker end up (relative to
his start). Express the direction relative to the
nearest cardinal point of the compass.



Real or not, this is way cool
projectile motion!

The jury is still out on this one last time I
checked. However, someone is waving arms
and legs in the air. Could it be real?

For physics, we can calculate it. Even if we

wouldn’t do it!
Video|

Basic Projectile Motion

Horizontally Launched Projectiles

Solving a projectile launched horizontally off
of some random height above ground.

Video

susic

Brojectiles
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Impact Angle

This lecture was an introduction to 2-dimen-
sional kinematics. The students in the class
had just begun to use basic right triangle

trigonometry. Vid
aeo

for you.

A projectile is an object that accelerates due to
one and only one force - gravity.

Another way to describe projectile motion is to call it ballis-
tic - like a ball. In other words, how does a ball thrown into
the air behave? Well it is BALL-ISTIC, it behaves like a ball.
Every UNPOWERED object behaves the same way, like a
ball. They all are ballistic projectiles.

It’s really pretty simple. A projectile goes up and comes back
down somewhere else. In our ideal flat world we’ve been
living in, it traces out a parabola as it goes up and down. The
horizontal distance that it covers as it travels up and down is
called the range, or , the range is how far away a projectile
lands from the place it started.

Here’s how it works.

» First of all, the horizontal motion is independent of the
vertical motion.

* Secondly, the horizontal motion is independent of the
vertical motion.

* And finally, the horizontal motion is independent of the
vertical motion.

Why are they independent? Think of it this way. If you make
two lines cross perpendicular to each other, the intersection
is a single point. Now here’s the weird part. A point doesn’t
have any size at all! That kind of means that the two lines do
not actually SEE or affect each other.

Now I know that you are thinking that lines can cross at a
single point without being perpendicular, and that’s true. But
vectors are different! Vectors include direction! If two vectors
intersect at an angle that is not perpendicular, there will be
some part of both of them that affects the other.

They will have some component (some part of them) that
goes in the same (or the opposite) direction as the other

one. The only time that’s not true is if they’re perpendicular
to each other.

So, although I said that the horizontal and vertical motion
are independent of each other, I should have said that ALL
vectors that are perpendicular operate independently of each
other.



... ALL vectors that are perpendicular operate
independently of each other.

And that’s the key to how we’re going to solve these prob-
lems. We will break up our vectors into horizontal and verti-
cal components. Then we’ll have two problems, but they will
be two ONE DIMENSIONAL problems that we can solve
separately.

Drive that idea home! We are going to solve these problems
by working two one dimensional problems, one for the hori-
zontal motion and one for the vertical motion.

Let’s do it!

We’re going to use an animation written by Walter Fendt. In
fact, you are going to use his website. When you click on the
picture below, his website will come up in a separate browser
window. GO THERE!

Run the animation LOTS and LOTS and LOTS and .... of
times. Watch everything. Change the mass, change the initial
speed, change the angle of inclination. Watch the veloc-

ity vectors and think! Watch the acceleration vector and
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think! (Don’t worry about the energy option for now.)
What is going on?

Does the horizontal velocity EVER change after the projec-
tile is shot? Does it? Why?

How about the vertical velocity? Does it change during the
flight? Does it? Why?

Pause the animation at various times with the velocity vec-
tors showing. Can you calculate the magnitude of the actual
velocity at that point? How? What about the direction of
the velocity relative to the horizontal? Can you calculate
that? How?

sasic
Projectiles

Across a Flat Terrain

Video

Parabolic Trajectory
Across a Level Terrain

This example uses a football being tossed
from one height across the field to the same
height. Many in the class had limited use of
trigonometry. The lecture was designed to
help them understand how it will be used in
this course. Forgive the audio/video lack
of synchronproblems. T'll fix it.

Projectiles

How long (seconds) does it take the ball to
reach the catcher?

How far does the ball drop vertically during
the flight?

How long does it take before the ball hits the
floor?

How far (horizontally) away from the table’s
edge does the ball land? (This is the range.)

If he rises 1.3 meters in the air before fall-
ing back down, what speed did he leave the
ground with?

What is the projectile’s velocity at the highest
point in the trajectory?

If the projectile lands 45 seconds later, what
was the height above sea level of the target
:n thlc;: mountains (assume the ship is at sea
evel).

What was the range to the target?
When the projectile is at its highest elevation,

would it clear (go over) a mountain 2900 m
high?

How many times did this projectile reach the
height of the target?



Answer those questions I just asked! Keep watching the
animation until you do!

What are the initial horizontal and vertical Then, work the problems remembering these ideas:
velocity components of the coconut.

What are the final horizontal and vertical ve- o

kg A e The vertical motion is independent of the horizontal

motion.
What is magnitude and direction of the veloc-
ity on impact? (The impact angle is the angle
B (TS (TERPANE L) » The vertical motion is a free fall problem (one dimen-

sional).

* The horizontal motion is usually just d = v¢ (one di-
mensional).

e The time for the vertical motion is the same as the time
for the vertical motion.

Now go work the problems!

Relative Velocity

Relative velocity in two dimensions works exactly like it did
in one dimension. We will add (vector addition) the individu-
al velocities add to produce the resultant velocity

Relative motion tends to be the most difficult concept for
students to grasp. To get it right, you have to setup your vec-
tor addition problems with the reference frames in the correct
order. The correct order let’s you see what’s going on and
helps you to understand the overall picture.

To get the order right, you need to think about why something
appears to be moving. What reference frame is it moving

in? Find the easiest one first. The easiest one is usually the
material its moving in or the object it’s moving on.

Using the example from 1 dimensional motion (go see it if
you forgot), there is a fisherman on a boat on the ocean. To
find out how the fisherman is moving relative to the ground,
you start with the object he is actually in contact with - the
boat!

The man is moving on the boat.

The boat is moving in the water.

The water is moving over the ground.

Those are the three vector velocities that you would add to



create the RESULTANT which would be the man’s velocity
over the ground.

This is still true in two and three dimensions. You know
how to add the vectors both graphically and using compo-

nents. Now all you have to do is practice.

The only way to become proficient at this is to practice.

Two dimensional problems all have the same basic approach.

The important thing to understand in all of them is that you

need to have a coordinate system whose axes are perpendicu-

lar so that you can treat it as two independent problems and

then you need to understand which axis affects the part of the

problem you are interested in.

Two Dimensional Motion
without Acceleration

Let’s try a two dimensional kinematics problem without ac-
celeration.

Towns A and B in the figure below are 80.0 km apart.

A couple arranges to drive from town A and meet a couple
driving from town B at the lake, L. The two couples leave
simultaneously and drive for 2.50 h in the directions shown.
Car 1 has a speed of 90.0 km/h. If the cars arrive simultane-
ously at the lake, what is the speed of car 2?

40.0

The key here is to understand that they will both travel the
same distance to the north. You can call that the y-axis or the
vertical axis if you want, but it’s the same distance for both
cars.

Since they arrive at the same time, they must have the same

Airplane Directions

What are the East-West Components of both
velocities and what is their sum?

What are the North-South Components of
both velocities and what is their sum?

What is the overall velocity of the airplane
relative to the ground?

Basic River Problem

Going straight across a river. This lecture is
unedited and some of the whiteboard is diffi-
cult to see. It will be updated, but you can still
listen to the lecture and understand what’s

being drawn.
g Video

Rivers & Currents
If the boat’s heading is 270 degrees (west),
what is the boat’s course over the ground?

If the river is 350 meters wide, how long (sec-
onds) will it take to cross the river?

Which course should the boat steer to cross
the river in the shortest time?

If the boat heads west (straight across the
river), how far downstream will the boat travel
during the crossing?

What course should the boat steer to travel
straight across the river (the course over the
ground is due west)?

How long will it take the boat to cross the riv-
er if it's course over the ground is due west?



northward velocity. Remember, this velocity is completely
independent of the horizontal velocity, but like our other two
dimensional problems, they must be linked by time. It takes
just as long to go northward as it does to go eastward for both
cars. Furthermore, the blue car travels 80.0 km further to

the east than the red car does. See if you can work this one
out. The answer is 67 km/hr.



Problems

One of the fastest recorded
pitches in major-league
baseball, thrown by Billy
Wagner in 2003, was
clocked at 101.0 mi/h. If a
pitch were thrown hori-
zontally with this velocity,
how far would the ball fall
vertically by the time it reached home plate, 60.5
ft away?

A peregrine falcon is the ~ [ENN—_ey
fastest bird, flying at a
speed of 200 mi/h. Nature
has adapted the bird to
reach such a speed by plac-
ing baffles in its nose to
prevent air from rushing in
and slowing it down. Also, the bird’s eyes adjust
their focus faster than the eyes of any other
creature, so the falcon can focus quickly on its
prey. Assume that a peregrine falcon is moving
horizontally at its top speed at a height of 100 m
above the ground when it brings its wings into
its sides and begins to drop in free fall. How far
will the bird fall vertically while traveling hori-
zontally a distance of 100 m?

A bored physics student stands at the edge of

a cliff and throws a stone horizontally over the
edge with a speed of 18.0 m/s. The cliff is 50.0
m above a flat, horizontal beach. How long after
being released does the stone strike the beach
below the cliff? With what speed and angle of
impact does the stone land?

The best leaper in the animal
kingdom is the puma, which can
jump to a height of 12 ft when
leaving the ground at an angle
of 45°. With what speed, in SI
units, must the animal leave the
ground to reach that height?

Tom the cat is chasing Jerry the mouse across
the surface of a table 1.5 m above the floor. Jerry
steps out of the way at the last second, and Tom
slides off the edge of the table at a speed of 5.0
m/s. Where will Tom strike the floor, and what
velocity components will he have just before he
hits?

An artillery shell is fired with an initial velocity
of 300 m/s at 55.0° above the horizontal. To clear
an avalanche, it explodes on a mountainside
42.0 s after firing. What are the x- and y-coordi-
nates of the shell where it explodes, relative to its

10.

11.

12.

13.

firing point?

A brick is thrown upward from the top of a
building at an angle of 25° to the horizontal
and with an initial speed of 15 m/s. If the brick
is in flight for 3.0 s, how tall is the building?

A car is parked on a cliff overlooking the ocean
on an incline that makes an angle of 24.0° be-
low the horizontal. The negligent driver leaves
the car in neutral, and the emergency brakes
are defective. The car rolls from rest down the
incline with a constant acceleration of 4.00 m/
s for a distance of 50.0 m to the edge of the
cliff, which is 30.0 m above the ocean. Find (a)
the car’s position relative to the base of the cliff
when the car lands in the ocean and (b) the
length of time the car is in the air.

A projectile is launched with an initial speed
of 60.0 m/s at an angle of 30.0° above the
horizontal. The projectile lands on a hillside
4.00 s later. Neglect air friction. (a) What is the
projectile’s velocity at the highest point of its
trajectory? (b) What is the straight-line dis-
tance from where the projectile was launched
to where it hits its target?

A rocket is launched at an angle of 53.0° above
the horizontal with an initial speed of 100 m/s.
The rocket moves for 3.00 s along its initial
line of motion with an acceleration of 30.0 m/
s>. At this time, its engines fail and the rocket
proceeds to move as a projectile. Find (a) the
maximum altitude reached by the rocket, (b)
its total time of flight, and (c) its horizontal
range.

A daredevil decides to jump a canyon. Its
walls are equally high and 10 m apart. He
takes off by driving a motorcycle up a short
ramp sloped at an angle of 15°. What mini-
mum speed must he have in order to clear the
canyon?

A home run is hit in such a way that the base-
ball just clears a wall 21 m high, located 130

m from home plate. The ball is hit at an angle
of 35° to the horizontal, and air resistance is
negligible. Find (a) the initial speed of the ball,
(b) the time it takes the ball to reach the wall,
and (c) the velocity components and the speed
of the ball when it reaches the wall. (Assume
that the ball is hit at a height of 1.0 m above
the ground.)

A jet airliner moving initially at 300 mi/h due



14.

15.

16.

17.

18.

19.

20.

east enters a region where the wind is blowing at
100 mi/h in a direction 30.0° north of east. What
is the new velocity of the aircraft relative to the
ground?

A boat moves through the water of a river at 10
m/s relative to the water, regardless of the boat’s
direction. If the water in the river is flowing at
1.5 m/s, how long does it take the boat to make
a round trip consisting of a 300-m displacement
downstream followed by a 300-m displacement
upstream?

A river flows due east at 1.50 m/s. A boat crosses
the river from the south shore to the north shore
by maintaining a constant velocity of 10.0 m/s
due north relative to the water. (a) What is the
velocity of the boat relative to the shore? (b) If
the river is 300 m wide, how far downstream has
the boat moved by the time it reaches the north
shore?

A rowboat crosses a river with a velocity of 3.30
mi/h at an angle 62.5° north of west relative to
the water. The river is 0.505 mi wide and car-
ries an eastward current of 1.25 mi/h. How far
upstream is the boat when it reaches the oppo-
site shore?

How long does it take an automobile travel-

ing in the left lane of a highway at 60.0 km/h to
overtake (become even with) another car that is
traveling in the right lane at 40.0 km/h when the
cars’ front bumpers are initially 100 m apart?

A science student is riding on a flatcar of a train
traveling along a straight horizontal track at a
constant speed of 10.0 m/s. The student throws
a ball along a path that she judges to make an
initial angle of 60.0° with the horizontal and to
be in line with the track. The student’s professor,
who is standing on the ground nearby, observes
the ball to rise vertically. How high does the ball
rise?

Two canoeists in identical canoes exert the same
effort paddling and hence maintain the same
speed relative to the water. One paddles directly
upstream (and moves upstream), whereas the
other paddles directly downstream. With down-
stream as the positive direction, an observer

on shore determines the velocities of the two
canoes to be -1.2 m/s and +2.9 m/s, respectively.
(a) What is the speed of the water relative to the
shore? (b) What is the speed of each canoe rela-
tive to the water?

A sailboat is heading directly north at a speed of
20 knots (1 knot = 0.514 m/s). The wind is blow-
ing towards the east with a speed of 17 knots.

Determine the magnitude and direction of
the wind velocity as measured on the boat.
What is the component of the wind velocity
in the direction parallel to the motion of the
boat?



